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Security Pricing: Models and Computation

Risk-Neutral Pricing
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v is the risk-free rate of interest over [0,At]. That is, v is a At-period rate
and $1 invested at time 0 will be worth $e”2! at time At.

The risk-neutral probability of an upmove is g. The risk-neutral pricing
equation is:

¢ =Ele"™ep] = e "M gey + (1 - q)eq] (1)
i.e., the value at time 0 of the random payoff ca; is the discounted expected
payoff under the risk-neutral measure.

Discount Function Computation
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Let Br(x) = price in state x of $1 paid at time T. For simplicity, use
Bi(x) = Bjat(x) and B; = Bija;(0). The initial discount function is B;, for
i=1,2,...,n.
Given an interest rate lattice, how is the discount function computed?

Step 1. Use 1-step lattice to compute Bj.
Step 2. Use 2-step lattice to compute B;.
Step 3. Use 3-step lattice to compute B3.

Total work: O(n3).

Forward Induction
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Let ex(0) = ex = price at time 0 of $1 paid in state x (the state price or
Arrow-Debreu price). The price at time 0 of a discount bond maturing at 2At
is B =eyy +eud+e4d.
Step 1. ey = qe "8 ey = (1 —q)e " = By
Step 2. eyq = (1 — q)e Tulle, + ge Tabley,
eyy = ge ""Mey, egq = (1 —qle "ley = By
Step 3. eyuu = qe " AMeyy, egaq = (1 — q)e "lle
eyud = (1 — q)e Twble,, + ge Twible, ;5 etc.
Total work: O(n?)!



Forward Induction: Example
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The interest rate lattice on the left gives the state prices on the right.
The initial discount function is: Bo = 1, By = 0.9139, B, = 0.8353, and
B3 = 0.7636. The corresponding initial yield curve is: y1 = 9%, y> = 8.998%,
and y3 = 8.992%. (At =1 year in this example.)

Pricing European Derivative Securities in a Lattice
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Let ¢ = price at time 0 of cy received in state x at time T. What is ¢?

Can use backward induction as before, e.g.,

cuu = e A geyyy + (1 = @) cyual,

etc. This procedure determines ¢ in work which is O (n?).
Alternatively, if the state prices have already been computed, then
Cc = Z Cx€x
X

(the sum is over the n + 1 states x at time T = nAt). Work is O (n).

Pricing a Caplet in a Lattice
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Suppose the lattice is constructed of simply compounded rates and consider
a caplet for the period [2At, 3At], struck at K (with a notional of $1). If the
rate at time 2At is L, a payment of max(L — K,0)At is made at 3At. The

value at 2At is
At

1+ LAt
So the value of the caplet at time O is

max(L — K, 0).

At
s max(L(x) — K, 0)ex
states x at 2At 1+ L(X)At

If the continuously compounded lattice rate is ¥, convert to L using

1 1
—TAt _ — L (pYAt _
e T IAL or L At(e 1).

Equivalence Between Caps on Rates and Puts on Bonds

Consider a caplet for the period [mAt, (m + 1)At], struck at K. The value of
the caplet at mAt when the rate is L is

At 1+ LAt 1+ KAt )

13 Lag max(L —K,0) :max<1 YLAt 1+ LA
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i.e., the caplet is equivalent to (1 + KAt) puts on a one-period discount bond
with strike ﬁ expiring at mAt.

A caplet is equivalent to an option to enter into a one-period swap.

Since a cap is a sum of caplets, a cap is also equivalent to a portfolio of puts
on discount bonds.



Equivalence Between Swaptions and Options on Coupon Bonds

Pay fixed: K K K 1+K
Discount factor at time 1: B> (1) B3(1) Ba(1) Byu+1(1)
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Consider a 1-year option to enter into an n-year payer swap (i.e., pay fixed,
receive floating) with a strike of K (and a notional principal of $1).

At time 1, the swap is worth PV(floating) — PV(fixed). Assuming the principal
is exchanged at the end of the swap, PV(floating) = 1. Also,

n+1
PV(fixed) = > Bi(1)K + Bp1(1) = P(1),
i=2

i.e., PV(fixed) = value of an n-year bond with a coupon of K.

So the payoff of the option is max(1 — P(1),0), i.e., it is equivalent to a put
with a strike of 1 on a bond paying a coupon of K.

Pricing a European Swaption in a Lattice

Rate lattice Swap price lattice Coupon bond price lattice
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What is the value today of a 1-year option to enter into a 2-year payer swap
with a strike of K (and a notional principal of $1)?

Swap price lattice: S, = max(1 — Py,0), S35 = max(1 — P4,0), and

s- 3

states x at 1

Sxex =e " (qSy+ (1 —q)S4).

Coupon bond price lattice: Pyy = K+e 7w (1 +K), Pyg =K +e (1 +K),...,
Py =e " (qPyq+ (1 —q)Paq).

Flexible Caps

A flexible cap gives the holder the right to exercise some (not all) of the
caplets comprising the cap. Example: Right to cap at K at most three out of
the next seven quarterly Libor rates.

o Auto-flex cap: In-the-money caplets are exercised automatically on fixing
dates until none are left.

o Chooser-flex cap: On fixing dates, the holder can choose whether to
exercise an in-the-money caplet (until none are left).

Auto-flex caps are European-style securities, but are more complicated than
plain vanilla caps because they are path-dependent. Chooser-flex caps are
American-style (holder can choose among various exercise strategies).

Valuing Chooser-Flex Caps in a Lattice
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Need to record a vector of information at each node:
Vi (i, j) = value of chooser-flex cap with strike K at time i and rate j with
k remaining caplets (n is the maximum number of caplets that can be
exercised).

Vi (i, j) = max (don’t exercise, exercise),
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dont—i] LAl @i+ 1, )+ —q@)Ve(G+1,7+1))

Lij—-K N 1
T+ LAt 1+ LAt

exercise = @V G+ 1, )+ =@V 1(i+1,j+1))



Computing Greeks in a Lattice - |
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Using bonds i = 1,2 the derivative can be replicated exactly by solving:
B,Lxl +Bﬁxz =cCu
Byx1+Bixz =cq
for x1 and x;, where x; is the number of units of bond i in the replicating
portfolio, i = 1,2. Check that B'x7 + B2x> = c!

Computing Greeks in a Lattice - 1l
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0
A= a—; which can be approximated in a lattice as
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" AB  By-By
2

occ . . . .
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These approximations mix theta (@ = oc/0ot) with delta and gamma.

Computing Greeks in a Lattice - 11l
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To avoid mixing theta with delta and gamma, one can alternatively build a
lattice extending back two steps, to time —2At.

Then
_Ac  cyu—cad

A~ — = .
AB  Byy — Baa

Similarly,
Cuu —Cud Cud — Cdd

Byu — Bud - Bud — Baa
%(Buu - Bag)

Lattice Building

So far we’ve shown how to price securities given an interest rate lattice. Now
we want to build interest rate lattices from scratch. Desirable properties of
interest rate lattices:

o Calibrate to market instruments
— Match the initial term structure
— Match the initial volatility structure
— Match prices of other interest rate derivatives
— Match the initial correlation structure
o Generate reasonable future volatility and correlation structures
o Nonnegative rates
o Convergence of discrete model to continuous-time limit
o Analytical tractability



Ho-Lee Model

Match the initial term structure
Match the initial volatility structure (with the generalized model)

Short rate is normal
— Volatility expressed in absolute terms (not as a fraction of current level

o

o

[}

of rates)
o Rates can go negative
o Single factor model with a Markov process for ¢

The Ho-Lee model (constant volatility):

dry = b(t)dt + odW

The Ho-Lee model (time-varying volatility):

Constant Volatility Ho-Lee Model

r3+3U
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E[X]= L(A+B)
Var[X] = 1 (A-B)?
o[X]= 1(A-B)

0 At 20t 3At

Constant volatility Ho-Lee model: dv; = b(t)dt + ocdW;.
Take d = —u, but how should u be set?

Want Var(rat) = 0 2At.

dry = b(t)dt + o (t)dW; 1 5 5
Var(var) = z((n +u) —(n +d))* =u
So,
u=0JvAt, d=—-u.
19 20
Constant Volatility Ho-Lee Model Ho-Lee Lattice: Numerical Example
1 _vAt 1 _rAt Inputs:  Time to maturity Yield to maturity
ey =ge ", eg=ge" 1 9.00%
N 2 0.50% u=1%
eyteg=e .50% _
ursd 3 10.00% d=-u
eyu = %e—(nmmteu 4 10.50%
eud = %e—(rwu)Ateu + lie—(thd)Ated Rate lattice 5 15.045% State prices from U (1966 State prices from d
eqd = ye~ NFDALe, 13.045%

€uu t €ud t €dd
f _ e—(n+u)Ateu + e—(n+d)Ated

0 At 2At 3At

Now choose 7;_; to match the given initial bond price B;, i = 1,2,...,n.

Step 1. By =ey+e;=e"2 Sor = —ﬁ In(By). This also gives e, and e,.
Step 2. By = eyu + eyq + eqq = e~ (NTWALe, 4 o~ (N+d)Ale
_In(e "Aley, + e 90ey) —InB;
At
and 7 gives eyy, €4, and egzg. Numerical solution is not needed for

.

9.045%
0 1 2 30 1 2 30 1 2
o
Time 0 1 2 3 g 1.00%0
Median rate 9.0% 10.005% 11.020% 12.045% [ 9-0%( Q15190
g 9,5%0 02.01%0
0.0%0
o] _
Ho.5% H9.00%0
Hoa.519%U
[0.01%0



Black-Derman-Toy Model

Match the initial term structure

o

o

o

Short rate is lognormal

Match the initial volatility structure

21

— Volatility expressed as a fraction of current level of rates (relative

measure as in Black-Scholes, not absolute)

o Nonnegative rates

o Single factor model with a Markov process for ¢

The BDT model: d

t

% = b(t)dt + o (t)dW;

The functions b(t) and o (t) will be determined numerically, i.e., in the lattice

construction.
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Black-Derman-Toy Basic Idea
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Start with multiplicative (lognormal) lattice.

3At

Shift rates at time iAt by «; to match initial term structure. The median rate

at time iAt is i = v + .

Set volatility parameters u;, d; (u;d; = 1) at time iAt to match initial volatility

structure.

The BDT lattice is fully specified by (v;,u;),i=1,2,...,n.

Constant Volatility BDT Model

1=r+o,
Y=r+ad;

E[X]= 1(A+B)
Var[X] = 1 (A-B)’

Ts=rEOs o[X]= 1(A-B)

0 At 2At
d?‘t

Constant volatility BDT model: o

t

Take d = 1/u, but how should u be set?

Want Var(In(rag)) = 02At.

Var(In(rat)) = %(In(ﬁu) —In(rd))?

So,

u=e"m, d=1/u.

=b(t)dt + ocdW;.
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Constant Volatility BDT Model

i =r+ao,

1 ,-rAt 1 ,-rAt
ey = 76 , €4 = je
ey +eg=e A
eyu = lje—rl uAl.‘eM
eyd = %efr]uAteu + %efhdAted
1 ,—-ndAt
€4qq = ye ! eq

2=7r+a;
F3=rHas Cuu + eud;edd n
' ; t t —_ pNu -n
0 At 20t 3At € Cute €d
Now choose 7;_; to match the given initial bond price B;, i =1,2,...,n.

Stepl. By =ey+eg=e"2 Sor = —ﬁln(& ). This also gives e, and

€q.

Step 2. By = eyy + €yd + €4q = e ""4ALe, + e dAle, Numerical solution

gives 77 and also ey, eyd, and eg4.
_ ,—1ulAt -1 At —1rd?At ical soluti
Step 3. B3 =e¢ eyu +e eyd +e eg44- Numerical solution 1;

and also eyuu, eyud, €udd, and eqdq.
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BDT Lattice Inputs (Time-Varying Volatility)

1B 2 yi(u)
B;(0) vi(0)
27X, (d) 12Xyi(d)
0 At 0 At
B;(0) = ei(Oint
i yi(u))
. — pyi(u)(i-1)At
Biw)= e ¥i(d)

Bi(d) = e idi-nat

o[In(y:(At))] :%In(

0 At 2At 3At

Inputs: Initial discount bond yields: y7(0),y2(0),...,Y»(0). Equivalent to
specifying initial prices through B;(0) = e~Yi1(0)iAL,

Initial volatilities of discount bond yields: 02(0),...,0,(0), where g;(0) is
defined by o (In(yi(At)) = 0i(0)/At and in a lattice is given by

o(n(y(at) = Lin (yi(“)> .

yi(d)
(Note 07(0) =0.)
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BDT Lattice Inputs

1/2 Bi(u)
B;(0)
1/2

/27X, (d)

—t
Y At o "

B;(0) = e Yi(0)int
Bi(u) = e Yi(w)(i-1)At
Bi(d) = ei@-hat

olin(i(o0)] = 3in[2:1))

0 At 2At 3At

Specifying B1(0),B2(0),...,B,(0) and 02(0),...,0,(0) is equivalent to
specifying v and (B;(u),B;(d)) fori=1,...,n.

B1(0) determines ¥ through By (0) = e "AL,

B;(0) and 0(0) determine B;(u) and B;(d) through:

Bi(0) = e A (Bi(w) + Bi(d)) and 1(0) = 5——ln (3; wE1 )
1

Procedure: Choose 7, u; to match B;.;(u) and Bj;1(d) fori=1,...,n—1.

27

Constructing a BDT Lattice (Step 1)
State prices from u

Rate lattice State prices from d

eyg(d)
eqa(d)
ey(d) =1
0 At 20t 0 At 20t 0 At 20t

Step 1. Find 7y and u so that the inputs B2(0) and 0,(0) are matched.

Specifically, 71 and u; give Bz(u) and Bz(d) through:
euu(u) = %e—rlu]At’ eyq(u) = %eir‘u]Ata
eya(d) = e N egq(d) = e AL,
Bo(u) = eyy () + eyq(u), Ba(d) =eyq(d) +eqq(d).

Then B(u) and Bz(d) give B2(0) and 02(0) through:

_1,-rat _ 1 r2(u)
B2(0) = ze (Ba(u) + Ba(d)) and 02(0) = 2\/Eln (yz(d))'

Finding 77 and u; involves solving two nonlinear equations with two
unknowns.
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Constructing a BDT Lattice (Step 2)

Rate lattice 5 State prices from u

e o, Ty o (1)
eud(u)

State prices from d

0 At 286 3t 0 At Y 0 At Y
Step 2. Find 72 and u; so that the inputs B3(0) and 03(0) are matched.
Specifically, 2 and u; give B3(u) and B3(d) through:

B3(u) = eyuu(u) + eyya(u) + eyga(u), B3(d) =eyua(d) +eyaa(d) + eqaa(d).
The state prices, e.g., eyuyu (1), etc., are determined by forward induction.

Then B3(u) and B3 (d) give B3(0) and 03(0) through:

B3(0) = %e*mt(Bg(u) + B3(d)) and 03(0) = ]7”1 (y3(u)>_

2VAtE v3(d)
Finding 2 and u; involves solving two nonlinear equations with two
unknowns.
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BDT Lattice: Numerical Example

Inputs:  Time to maturity Yield to maturity Yield volatility

1 3.00%
2 4.00%
3 5.00%
4 5.00%

Rate lattice o
9.15% 6.98%

16%
15%
15%

State prices from u 0.215 State prices from d

0 1 2 3 0 1
Time 0 1 2 3
Median rate 3.00% 4.94% 6.88% 4.92%

u 1.174 1.154 1.123

Short rate vol 16.00% 14.30% 11.64%
Short rate vol = M
N/NE

30 1 2 3
5.80%0
[8.00%0] b.90%H
£4.00%= [6.47%0
0% B
.00% th21%0]
B.a1eH
%.89%(]
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Comparison of Lognormal BDT with Normal Ho-Lee

euu
u ri+ ey
Cud
Yo Yo 1
rd ri+d Saa
o a2 o a2 0 a o

BDT with constant volatility, binomial lattice (see p.25):
By = ey t+eyd +edd
_ e—ﬁuAteu + e—ﬁdAted_

Given Bz, u, d = 1/u, ey, and ey, still need to solve for 1 numerically.

Ho-Lee with constant volatility, binomial lattice (see p.21):
By = eyy +eyqa +e4qa
e—(r1+u)Ateu + e—(rw—d)At

€ad
— etht(ef‘uAteu + e*dAted)

Can solve for 7y analytically in terms of B, u, d = —u, e,, and eg.
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Comparison of BDT and Ho-Lee Models

0 At 2at 3A
yi(u))

o[In(yi(at))] %'”(yi(d)
u = eVt
ud=1

At _ L ydt +o(DdW,

Tt

Ho-Lee

0 At 2t 3
ol i (at)] = 2 (vi(u) = vi(d))

u =o\/At

u+d=0
d?"t = b(t)dt'FO'(t)dW[
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BDT Model with Time-Varying Volatility

Short rate vol at t =2

¥

Short rate vol at t =1

Short rate vol at t =0

0 time to maturity 0 time to maturity 0 time to maturity

Long-term rates are typically less volatile than short rates. Building a BDT
lattice consistent with this observation (or consistent with a sequence of cap
or swaption prices) requires the short rate volatility o to vary with time (i.e.,
non-constant u;’s in the lattice).

In this case, the short rate volatility will “walk the volatility curve” and future
volatility curves can look quite different than today’s.
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Catalog of Spreadsheets

HL_C.XLS
— Ho-Lee model with constant volatility (10-step lattice)
— Matches the initial yield curve automatically

HL.XLS

— Ho-Lee model with time-varying volatility (10-step lattice)

— Uses the Solver in Excel to match the initial yield curve and initial
volatility curve

BDT.XLS

— Black-Derman-Toy model with time-varying volatility (10-step lattice)

— Uses the Solver in Excel to match the initial yield curve and initial
volatility curve

BDT_C.XLS
— Black-Derman-Toy model with constant volatility (10-step lattice)
— Uses the Solver in Excel to match the initial yield curve

o

o

o

Catalog of Spreadsheets (continued)

HW.XLS
— Hull-White model (10-step lattice)
— Matches the initial yield curve automatically

HJM_SIMN.XLS
— Normal HJM simulation model (10-step simulation, 3 factor)
— Simulation can be run with the Excel add-in Crystal Ball

HJM_SIML.XLS
— Pseudo-lognormal HJM simulation model (10-step simulation, 3 factor)
— Simulation can be run with the Excel add-in Crystal Ball

FACTOR.XLS
— Computes correlation matrix corresponding to 3-factor HJM model

Note: All spreadsheets use continuously compounded rates.
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HL_C.XLS

A [ B | c D | E | F | 6 [ H T 1 | K L
[1[HLcxis Ho-Lee Model Constant volatility (10-step lattice)
|_2 |Created by Mark Broadie and Paul Glasserman
[3]r 30 10 u=-d 0.0173
[[4 |sig 1.00% 3
5
[[6 |Time 0 3 6 9 12 15 18 21 24 27 30)
[7 [initial yield 10.00%  10.00%  10.00% 10.00%  10.00% 10.00% 10.00%  10.00%  10.00%  10.00%
[[8 [Medianrate  10.00%  10.04%  10.18% 10.40% 10.71% 1111% 11.59% 12.16% 12.80% 13.52%
[C9 | mitial price 0.7408 05488  0.4066 03012 02231  0.1653 0.1225 0.0907 00672  0.0498
[0 |Price from lattice 07408 05488 04066 03012 02231  0.1653 01225 00907 00672  0.0498
[11 |Price_up 10000 07024 04920 03437 02395 01664 01154 00798  0.0550  0.0379)
[12|Price_dn 10000 07793  0.6056  0.4694 03629 02798 02152 0.1651  0.1264  0.0965|
[13]Yield_up 01178 01182 01187 01191 01195 01200 01204 01208  0.1212
[14]vield_dn 00831 00836 00840 00845 00849 0.0853 00858 00862  0.0866
[15]Yield volatility from lattice 00100 00100 00100 00100 00100 00100  0.0100  0.0100  0.0100)
16
[17 |Rates: 0 1 2 3 4 5 6 7 8 9 10|
18 10
[19] 9 29.11%
[20] 8 26.66%
[21] 7 24.28% 25.64%
22 6 21.99% 23.19%
[23] 5 19.77% 20.82% 22.18%
[24] 4 17.64% 18.52% 19.73%
[25] 3 15.60% 16.31% 17.35% 18.72%
[26] 2 13.64% 14.18% 15.06% 16.26%
27 1 11.78% 12.14% 12.84% 13.89% 15.25%
[28] 0 10.00% 10.18% 10.71% 11.59% 12.80%
[29] 1 8.31% 8.67% 9.38% 10.43% 11.79%
[30] 2 6.72% 7.25% 8.13% 9.34%
[31] 3 5.21% 5.92% 6.96% 8.32%
32 -4 3.79% 4.67% 5.87%
[33] 5 2.45% 3.50% 4.86%
[34] -6 1.20% 2.41%
[35] 7 0.03% 1.40%
[36] -8 -1.06%
[37] -9 -2.07%
38 -10

HL.XLS

A [ B c | o E F G [ H [ 1 | K L
[ 1 [HLXLS Ho-Lee Model Time-varying volatility (10-step lattice)
[ 2 |created by Mark Broadie and Paul Glasserman
E 30 10
4] 3
|6 |Time 0 3 6 9 12 15 18 21 24 27 30
[ 7 |initial yield 10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%
|8 |Initial volatility 150%  1.45% _ 1.40% _ 1.35% _ 1.30% _ 1.25% _ 1.20% __ 115%  1.10%
Median rate  10.00%| 10.10%  10.36% 10.73% 11.13% 11.53% 11.89% 12.17% 12.36%  12.47%]
sig 150%  1.40%  1.30%  1.20%  1.10% _ 1.00% _ 0.90% _ 0.80% _ 0.70%
u(i)=-d(i) 0 00260 00242 00225 00208 00191 00173 00156  0.0139  0.0121
Initial price 0.7408 05488 04066 03012 0.2231 01653 01225 0.0907 0.0672  0.0498
Price from lattice 0.7408 05488 04066 03012 0.2231 01653 0.1225 0.0907  0.0672  0.0497
Price_up 1.0000 0.6832  0.4667 03192 02188 01505  0.1040  0.0722  0.0504  0.0354
Price_dn 1.0000 0.7984  0.6309 04939 03836 02958 02266 01728 0.1311  0.0989
Yield_up 01270 01270 0269 01266 0262 01258  0.252 01245  0.1238]
Yield_dn 00750 00768 00784 00799 00812 00825 00836 00847  0.0857,
[ 18| Yield volatilty from lattice 00150 00145 00140 00135 00130 00125 00120 00115  0.0110|
[ 21 |Rates: 0 1 2 3 4 5 6 7 8 9 10|
[22] 10
[23] 9 23.38%
8 23.45%
[25] 7 23.08% 20.96%
6 22.28% 20.67%
5 21.06% 19.97% 18.53%
4 19.44% 18.82% 17.90%
[29] 3 17.48% 17.25% 16.85% 16.11%
[30] 2 15.21% 15.29% 15.35% 15.13%
[31] 1 12.70% 12.98% 13.44% 13.73% 13.68%
[32] 0 10.00% 10.36% 11.13% 11.89% 12.36%
[33] 1 7.50% 8.47% 9.62% 10.61% 11.26%
[34] -2 551% 6.97% 8.42% 9.59%
[35] -3 3.97% 5.81% 7.50% 8.83%
[36] -4 2.82% 2.96% 6.82%
[ 37 -5 2.00% 4.38% 6.41%
6 1.50% 4.05%
7 1.26% 3.98%
-8 1.28%
[41] -9 1.56%
42 -10
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BDT.XLS (Sheet 1: rates)
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BDT.XLS (Sheet 3: state prices)
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1 BDT:LS 2 JB\ ch J TD ML ] £ T i \Gr (10 = [ l ) 2 « s User input in
. jack-Derman-Toy Model ime-varying volatility (10-step lattice] o .
[2_|Created by Mark Broadie and Paul Glasserman bold italic (Initial A T B T e T o T ETFTGSTHT T T3 K -
iT/y 30 nt 10 yield and volatility): State prices
,‘;4 dt 3 e 0 1 2 3 4 5 6 7 8 9 10
bold italic (T): [T rime ) 30| 10 B ) ) B B B B ) ) B 0.0000
[ 7 |initial yield 10.00% 9 , . . . . . R . . 0.0000 -
|8 [initial volatility 11.00% 8 - . . . . - R . 0.0000 - 0.0000
| Median rate  10.00%| 7 - R . . . . R 0.0001 - 0.0000 -
sig 6 - - - - - - 0.0005 - 0.0003 - 0.0001
U(I):ll/d(') 1 ] Solver decision 5 - - - - 0.0025 - 0.0014 - 0.0006 -
Initial price 0.0498 i i 4 - - 0.0107 - 0.0061 - 0.0026 - 0.0010
Price from lattice ooses|  Variables in box 3 . 00392 - 0.0208 R 0.0090 - 0.0036 -
Price_up 0.0344 2 - - 0.1267 - 0.0593 - 0.0256 - 00106 - 0.0043
Price_dn 0.1000 1 - 03704 - 0.1416 - 0.0598 - 00256 - 0.0108 -
Yield_up 01248 0 1.00 - 2744 - 0.1133 - 0.0505 - 0.0226 - 0.0099
Yield_dn 0.0853 El - 03704 - 0.1640 - 0.0791 - 0.0385 - 00183 -
Yield volatility from lattice 0.1100| 2 - - 01477 - 0.0013 - 00513 - 0.0274 - 00139
3 - - - 0.0617 - 0.0492 - 00318 - 0.0186 -
Rates: [ 1 2 3 4 5 6 7 8 9 10 -4 - - - - 0.0266 - 0.0261 - 0.0191 - 0.0121
10 5 - - - - 00117 - 00137 - 0.0111 -
9 63.30% 6 - - - - - 00053 - 0.0071 - 0.0063
23] 8 57.60% 7 - - - - - - 00024 - 0.0036 -
24| 7 49.01% 44.67% 8 - - - - - - - 00011 - 0.0019
5 | 6 40.11% 30.45% 9 - B - . . . - . - 0.0005 -
26 | 5 32.02% 32.77% 31.52% -10 - - - - - - - - - - 0.0002
4 25.36% 26.32% 26.98%
3 20.09% 20.70% 21.90% 22.24%
2 15.95% 16.16% 17.21% 18.46%
1 12.66% 12.59% 13.39% 14.64% 15.70%
0 10.00% 9.78% 10.30% 11.33% 12.62%
1 7.53% 7.89% 8.65% 9.79% 11.08%
-2 5.99% 6.57% 7.44% 8.63%
3 4.94% 5.60% 6.54% 7.82%
4 4.18% 4.88% 5.90%
5 3.62% 4.37% 5.52%
- 3.20% 4.04%
7 2.92% 3.89%
8 2.76%
9 2.75%
-10
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BDT.XLS (Sheet 4: state prices in up state) BDT.XLS (Sheet 5: state prices in down state)
A | B | ¢ [ o [ e T F G [ H [ 1 T 3 T «x [t T ™ A | B [ ¢ [ o [ E [T F [ &6 [ wH [ 17 T3 T« Tt
[2 |state prices State prices
e_up 0 1 2 3 4 5 6 7 8 9 10 e_dn 0 1 2 3 4 5 6 7 8 9 10
10 - - - - - - - - - - 0.0000 10 - - - - - - - - - - -
9 - - - - - - - - - 0.0000 - 9 - - - - - - - - - - -
8 - - - - - - - - 0.0000 - 0.0000 8 - - - - - - - - - - 0.0000
7 - - - - - - - 0.0002 - 0.0001 - 7 - - - - - - - - - 0.0000 -
6 - - - - - - 0.0013 - 0.0006 - 0.0002 6 - - - - - - - - 0.0002 - 0.0001
5 - - - - - 0.0068 - 0.0029 - 00010 - 5 - - - - - - 0.0010 - 0.0007 -
4 - - - - 00290 - 00121 - 0.0042 - 00014 4 - - - - 0.0042 - 0.0028 - 0.0014
3 - - - 0.1059 - 00403 - 00141 - 00048 - 3 - - - 00157 - 00102 - 0.0050 -
2 - - 03419 - 0.1090 - 00381 - 00135 - 0.0048 2 - - - 0.0510 - 00310 - 00151 - 0.0068
1 - 1.0000 - 02335 - 00814 - 0.0304 - 00115 - 1 - - - 0.1487 - 0.0801 - 00387 - 00176 -
0 - - 03419 - 01303 - 0.0537 - 0.0222 - 0.0090 0 - - 0.3989 - 0.1754 - 0.0827 - 0.0389 - 0.0178
1 - - - 01275 - 0.0685 - 0.0332 - 00152 - 1 - 1.0000 - 03154 - 0.1450 - 00708 - 0.0343 -
17| 2 - - - - 00503 - 0.0352 - 0.0197 - 0.0099 2 - - 0.3989 - 0.1963 - 01034 - 00543 - 0.0276
18| 3 - - - - - 0.0207 - 0.0178 - 00114 - 3 - - - 0.1666 - 01123 - 0.0680 - 0.0387 -
0] -4 - - - - - - 0.0087 - 0.0090 - 0.0064 4 - - - - 0.0718 - 0.0617 - 0.0424 - 0.0261
0| 5 - - - - - - 0.0038 - 0.0045 - 5 - - - - 0.0317 - 00331 - 0.0255 -
6 - - - - - - - 0.0017 - 00022 6 - - - - - 00142 - 00175 - 0.0149
7 - - - - - - - 0.0007 - 7 - - - - - - 00065 - 0.0091 -
-8 - - - - - - - - - 00003 8 - - - - - - - 0.0030 - 0.0047
-9 - - - - - - - - - - - 9 - - - - - - - - - 0.0014 -
-10 - - - - - - - - - - - -10 - - - - - - - - - - 0.0006
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BDT_C.XLS HW.XLS
A B c | D E | F | G H | J K L
A [ B [ ¢ [ o | €E T F G H [ N A | 1 [HWXLS Hull-White Model (10-step lattice)
[ 1 |BDT_CXLS Black-Derman-Toy Model Constant volatility (10-step lattice) [ 2 |Created by Mark Broadie and Paul Glasserman
[ 2 |Created by Mark Broadie and Paul Glasserman 31T 5 nt 10 m -0.05
[3]T 30 nt 10 u(i)=1/d(i) 1.1891 |4 fa 0.1 0.5 v 0.00005
[ sig 10.00% dt 3 % sig 0.01 1.22% j_max 4
5 =
o ltime o 3 s s 1 15 18 2 o4 27 20 7 |Time 0 05 1 15 2 25 3 35 4 45 5
[7 |initial yield 10.00% _ 10.00% _ 10.00% _ 10.00% _ 10.00% _ 10.00% _ 10.00% _ 10.00% _ 10.00%  10.00% |8 {lnital yield 10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%
[ Medianrate  10.00%[ " 9.50% — 9.85%  9.96% 10.13% 10.40% 10.76% 1120% 11.70% 12.46%] [ 9 |Medianrate  10.00% 10.00% 10.00% 10.01% 10.02% 10.03% 10.04% 10.05% 10.06%  10.07%
S - : : : : - - - - : 10 | nitial price 09512 09048 08607 08187 07788 0.7408 07047  0.6703  0.6376  0.6065
["9 |initial price 07408 05488  0.4066 03012 02231  0.1653  0.1225 0.0907 00672  0.0498 i1 ]Price from latiice 09512 09048 08607 08187 07788 07408 07047 06703  0.6376  0.6065
[10]Price from lattice 0.7408 05488  0.4066 03012  0.2231  0.1653  0.1225  0.0907  0.0672  0.0498 [z ]Price_up 10000 09454 08941 08458 08003 07574 07170 06790 06431  0.6002
[ 11 [Price_up 10000 07026 04922 03440 02400  0.1673 01166 00813  0.0567  0.0396 [13]Price_md 10000 09512 09048  0.8607  0.8187  0.7787 07407  0.7045  0.6701  0.6374|
[ 12 |Price_dn 10000 07791 06055 04692 03624  0.2790  0.2140  0.1636  0.1247  0.0948 14 |Price_dn 10000 09571 09157 08758 08375 08006 0.7651 07310  0.6983  0.6669
[ 13 ]Yield_up 01177  0.1182  0.1186  0.1189 01192  0.1194  0.1195 0.1196  0.1196 [ 15 |Yield_up 01123 01120 01117 01114 01111 01109 01106  0.1104  0.1101
[14]vield_dn 00832 00836 00841 00846 00851 0.0856 00862 00867  0.0873 [16Yield_md 01000 01000 01000 01000 01001 01001 01001 01001  0.1001
[15] vield volatility from lattice 0.000  0.0998  0.0992  0.0984 00973 0.0959  0.0944  0.0927  0.0908| [17] Yield_dn 00878 00881 00884 00887 00890 00892 00895 0.0898  0.0900
[16] 18] Yield volatilty from lattice 00100 00098 00095 00093 00090 00088 00086  0.0084  0.0082
[17]Rates: 0 1 2 3 4 5 6 7 8 9 10 [19]
18 10 [ 20| Rates: 0 1 2 3 4 5 6 7 8 9 10
[19] .24% 21 10
2] . e 22| 9 21.09%
[21] 7 37.73% 41.89% 123 8 19.85%  19.87%
22 6 30.42% 33.32% [24] 7 18.62% 18.63%  18.64%
23] 5 24.72% 26.68% 20.63% [25] 6 17.38%  17.39% 17.41%  17.42%
F5al 6 5 16.15%  16.16% 16.17% 16.18%  16.19%
% g 16.75 20.26% 17.48% 21.52% 18.87% 23.56% 20.95% [27] 4 14.92%  14.92%  14.93%  14.94%  14.96%  14.97%
el > 13.970% - 14.320% 15,2206 - 16.67% : [28] 3 1368% 13.69% 13.70% 13.71% 13.72% 13.73%  13.74%
R - - - - 9 2 12.45%  12.46%  12.47% 12.48% 12.48% 12.49% 1251%  1252%
2 1 1L.77% 11.84% 12.36% 13.35% 14.82% [30] 1 1123% 1123% 1123% 1124% 1125% 11.26% 11.27% 11.28%  11.29%
|28 0 10.00% 10.13% 10.76% 11.79% [31] 0 1000% 10.00% 10.00% 10.01% 10.02% 10.03% 10.04% 10.05%  10.06%  10.07%
[29] -1 8.32% 8.38% 8.74% 9.44% 10.48% [32] 1 878%  878%  879%  8.79%  8.80%  8.81%  8.82%  8.83%  8.84%
[ 30 -2 7.16% 7.61% 8.34% [33] 2 756%  7.56%  7.57%  7.58%  7.59%  7.60%  7.61%  7.62%
[31] -3 5.92% 6.18% 6.67% 7.41% [34] -3 6.34%  634%  635%  636%  637%  638%  6.39%
[32] -4 5.07% 5.38% 5.90% [35] -4 512%  5.13%  5.14%  515%  516%  5.17%
[33] 5 4.37% 4.72% 5.24% [36] 5 3.90%  391%  3.92%  393%  3.94%
34 6 3.81% 4.17% [37] 6 269%  270%  271%  2.72%
[35] 7 3.34% 3.71% |38 7 147%  148%  150%
36 8 2.95% [39] -8 0.26%  0.27%
37 -9 2.62% 140 -9 -0.95%
[38] -10 a1 -10
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HJM_SIMN.XLS HJM_SIML.XLS (Sheet1: Forward curves)
A | B | cC D E F G | H [ I | [ ™M [ N A | B C D [ F G [ H | J [ x [ v [ wm [ N
[ 1] HIM_SIMN.XLS Heath-J. M Model Thi f: normal version | 1 |HIM_SIML.XLS Heath-Jarrow-Morton Simulation Model Three-factor pseudo-lognormal version
[ 2 |Created by Mark Broadie and Paul Glasserman [2_|Created by Mark Broadie and Paul Glasserman
Eg 20 dt 2 [=]r 5 05
4 |nt 10 sqrt(dt) 1.4142 |4 |nt 10 sqrt(dt) 0.7071
5] 5
% Time index 0 1 2 3 4 5 6 7 8 9 10 11 [e] Time index 0 1 2 3 4 5 6 7 8 9 10 11
[7] Time 0 2 4 6 8 10 12 14 16 18 20 22 A Time 0 05 : L5 2 28 3 35 4 45 S 58
(8] scale Initial yield 1000% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% {81 scale Initial yield 10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%
! 9| 10.0000 Factor 1 1000%  10.00% 10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%
|5 10000 Factorl L00% - 100%  100%  100%  10O% . 100%  10O%  100% . 100%  100% [10] 10,0000 Factor 2 90506  819%  741%  670%  607%  549%  4.97%  449%  4.07%  3.68%
% igggg E:z:::; Z%Z g';‘gif g‘gz‘;: Z‘igg g‘ég; z";gz Z‘ZZZ Z'ggg Z‘Zgz Z'%Z [11] 20.0000 Factor 3 2.00% 150%  1.00%  0.50%  0.00% -0.50%  -1.00%  -1.50%  -2.00%  -2.50%
[11] . .30% 0. . 0. 0. 0. 0. 0. o
{12 [13] Time index Time Spotrate Forward rates
[ .13 [Time index Time Spotrate Forward rates [14] 0 000  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%  10.00%
14 0 000 10.00%  10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%  10.00%  10.00% [15] 1 050  11.34%  1136%  11.37% 11.39% 11.39% 11.40% 1140% 1141%  1141%  1140%
[15] 1 200  9.56%  10.06% 10.42% 10.69%  10.89% 11.05% 11.10% 11.32% 1143% 11.54% 16 2 100  1084% 1083%  10.82% 10.80% 1078%  1076%  1074%  10.71%  10.69%
[16] 2 400  7.67%  8.39%  8.88%  9.23%  9.48%  9.66%  9.81%  9.93%  10.05% [17] 3 150  12.03% 1202%  12.01% 12.00% 11.98% 1196%  1194%  1191%
[17] 3 600 8.24%  901%  953%  9.90% 10.16% 10.37% 10.54%  10.68% [18] 4 200  1181% 11.62%  11.43% 1126% 1109%  1093%  10.79%
18 4 800  6.64%  7.79%  861%  921%  9.68% 10.05%  10.38% [19] 5 250  1173%  1160%  11.48%  1137%  1126%  1116%
19 5 1000 7.04%  8.05%  8.86%  9.53% 10.13%  10.68% [20] 6 300  1168%  11.61%  1154%  11.48%  11.44%
20 6 1200  9.40%  10.26% 11.01% 11.68%  12.32% {21 7 350 11.70%  11.62%  11.54%  11.47%
[21] 7 1400 1451%  1528% 1598%  16.65% (22 8 400  1022%  10.25%  10.28%
[22] 8 1600 12.82%  1352%  14.18% (23] 9 450 951%  9.64%
[23] 9 1800 1481%  14.98% e 0 500 8.08%
24 10 2000 18.14%
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HJM_SIML.XLS (Sheet of Discount Bond Prices) HJM_SIML.XLS (Sheet of Factor 1 Drifts)
A | B c | b | E | F | & | H [ 1 [0 | K L ™M A [ B C D E F G H | J_ [ K L [ ™
[ 1] Discount bond price [ 1]
| 2 |Time index Path price True price 2| dt 05
3 1 0.9512 3
4| 2 08988  0.9048 (4] Time index 0 1 2 3 4 5 6 7 8 9 10
5 3 0.8514 0.8607 5 Time 0 05 1 15 2 25 3 35 4 45 5
6] 4 08017 08187 6|
7 5 07557 07788 [ 7_{rime index Time Drifts for factor 1
8| 6 0.7127 0.7408 z 0 0.00 0.0025% 0.0075% 0.0125% 0.0175% 0.0225% 0.0275% 0.0325% 0.0375% 0.0425% 0.0475%
9| 7 0.6722 0.7047 [ 9] 1 0.50 0.0032% 0.0097% 0.0162% 0.0227% 0.0292% 0.0357% 0.0422% 0.0487% 0.0552%
|10 | 8 0.6340 0.6703 [10] 2 1.00 0.0029% 0.0088% 0.0146% 0.0204% 0.0262% 0.0319% 0.0375% 0.0432%
|11 | 9 0.6024 0.6376 [11] 3 1.50 0.0036% 0.0108% 0.0180% 0.0252% 0.0323% 0.0393% 0.0464%
12| 10 0.5745 0.6065 [12 | 4 2.00 0.0034% 0.0099% 0.0161% 0.0221% 0.0278% 0.0333%
E 11 0.5517 0.5769 [13 ] 5 250 0.0034% 0.0100% 0.0163% 0.0226% 0.0286%
[14] Time index 0 1 2 3 4 5 6 7 8 9 10| [14] 6 3.00 0.0034% 0.0100% 0.0166% 0.0231%
[15 | Time 0 0.5 1 15 2 25 3 35 4 45 5 [ 15| 7 3.50 0.0034% 0.0100% 0.0166%
| 16 | Time index Time Discount bond price | 16 | 8 4.00 0.0026%  0.0079%
117 0 000 09512 09048 08607 08187 07788 0.7408 07047  0.6703  0.6376  0.6065  0.5769| 7] 9 4.50 0.0023%
18] 1 050 09449  0.8927 08433 07967 07526 07109 06715 06343 05991  0.5659 18 10 5.00
[ 19 | 2 1.00 0.9473 0.8973 0.8501 0.8054 0.7631 0.7232 0.6854 0.6496 0.6158
[ 20| 3 1.50 0.9416 0.8867 0.8350 0.7864 0.7407 0.6977 0.6573 0.6193
[21] 4 2.00 0.9427 0.8895 0.8400 0.7941 0.7512 0.7113 0.6739
[22] 5 2.50 0.9430 0.8899 0.8403 0.7938 0.7504 0.7097
| 23 | 6 3.00 0.9433 0.8901 0.8402 0.7933 0.7492
| 24 | 7 3.50 0.9432 0.8899 0.8400 0.7932
| 25 | 8 4.00 0.9502 0.9027 0.8575
| 26 | 9 4.50 0.9536 0.9087
27 10 5.00 0.9604
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FACTOR.XLS References
A _[B] ¢ [ o E F G [ H | J [k [ L e B X . X .
1 [FACTORXLS _ Compute correlation matrix corresponding to the three factors in the HIM model Jamshidian, F., 1991, “Forward induction and construction of yield curve
2_|Created by Mark Broadie and Paul Glasserman
3 | Time index 0 1 2 3 4 5 6 7 8 9 10| iffusion m Is.” rnal Fix Incom n 2-74
4 |Factor 1 10.00%  10.00%  10.00% 10.00% 10.00%  10.00% 10.00% 10.00% 10.00%  10.00% diffusio ode S5 Journa Of ed Inco e Ju & 6 )
5 |Factor 2 9.05%  819%  7.41%  6.70%  6.07%  549%  4.97%  4.49%  4.07%  3.68%
-5 |Factor3 200%  150%  100%  0.50%  0.00%  -0.50%  -1.00%  -150%  -2.00%  -2.50% Black, F., E. Derman, and W. Toy, 1990, “A one-factor model of interest
7 ’ bl - b - 1 b
8 |Total volatility 13.63%  13.01% 12.49% 12.05% 11.70% 11.42% 11.21% 11.07% 10.98%  10.94% . . : . » :
9 |Weight 1 07335 07686 0.8009 08209 0.8550 0.8758  0.8921  0.037 09100  0.9137 rates and its application to Treasury bond options,” Financial Analysts
10 |Weight 2 0.6637  0.6293 05934  0.5563 05186 04807 04430 04061 0.3703  0.3361
11 |Weight 3 01467 01153 00801 00415 00000 -0.0438 -0.0892 -0.1356 -0.1822 -0.2284 Journal, Vol.46, 33-39.
12
13 |Correlation matrix 1 2 3 4 5 6 7 8 9 10| . . . L.
14 1 10000 09983 09930 09841 009713 09550 09352 09125 08872  0.8598 Hull, J., 2000, Options, Futures, and Other Derivatives, 4th edition,
15 2 10000 09982  0.9927 09835 09706 09541 09345 09121  0.8874
16 3 1.0000 0.9981 09925 09832 09702 09539  0.9347  0.9130 Prentice-Hall, Upper Saddle River, NJ.
17 4 10000 09981 09924 09831 09703 0.9544  0.9358
18 5 10000 09981 09925 09833 09709  0.9555
19 6 10000 09981 09926 09837  0.9718 . i it i
e s 09961 099 DoET ooms Rebonato, R., 1998, Interest-Rate Option Models, 2nd edition, John Wiley &
21 8 10000 09982  0.9932 :
3] ° 10000 09983 Sons, Chichester, England.
23 10 1.0000



