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Discount Function Computation
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Let BT(x) = price in state x of $1 paid at time T . For simplicity, use

Bi(x) = Bi∆t(x) and Bi = Bi∆t(0). The initial discount function is Bi, for

i = 1,2, . . . , n.

Given an interest rate lattice, how is the discount function computed?

Step 1. Use 1-step lattice to compute B1.

Step 2. Use 2-step lattice to compute B2.

Step 3. Use 3-step lattice to compute B3.

Total work: O(n3).
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Risk-Neutral Pricing
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r is the risk-free rate of interest over [0,∆t]. That is, r is a ∆t-period rate

and $1 invested at time 0 will be worth $er∆t at time ∆t.
The risk-neutral probability of an upmove is q. The risk-neutral pricing

equation is:

c = E[e−r∆tc∆t] = e−r∆t[qcu + (1− q)cd] (1)

i.e., the value at time 0 of the random payoff c∆t is the discounted expected

payoff under the risk-neutral measure.
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Forward Induction
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Let ex(0) = ex = price at time 0 of $1 paid in state x (the state price or

Arrow-Debreu price). The price at time 0 of a discount bond maturing at 2∆t
is B2 = euu + eud + edd.

Step 1. eu = qe−r∆t, ed = (1− q)e−r∆t =⇒ B1

Step 2. eud = (1 − q)e−ru∆teu + qe−rd∆ted,
euu = qe−ru∆teu, edd = (1− q)e−rd∆ted =⇒ B2

Step 3. euuu = qe−ruu∆teuu, eddd = (1 − q)e−rdd∆tedd
euud = (1− q)e−ruu∆teuu + qe−rud∆teud, etc.

Total work: O(n2)!
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Forward Induction: Example
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The interest rate lattice on the left gives the state prices on the right.

The initial discount function is: B0 = 1, B1 = 0.9139, B2 = 0.8353, and

B3 = 0.7636. The corresponding initial yield curve is: y1 = 9%, y2 = 8.998%,

and y3 = 8.992%. (∆t = 1 year in this example.)
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Pricing a Caplet in a Lattice
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Suppose the lattice is constructed of simply compounded rates and consider

a caplet for the period [2∆t,3∆t], struck at K (with a notional of $1). If the

rate at time 2∆t is L, a payment of max(L− K,0)∆t is made at 3∆t. The

value at 2∆t is ∆t
1+ L∆t max(L−K,0).

So the value of the caplet at time 0 is∑
states x at 2∆t

∆t
1+ L(x)∆t max(L(x)−K,0)ex

If the continuously compounded lattice rate is r , convert to L using

e−r∆t = 1
1+ L∆t or L = 1∆t(er∆t − 1).
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Pricing European Derivative Securities in a Lattice
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Let c = price at time 0 of cx received in state x at time T . What is c?

Can use backward induction as before, e.g.,

cuu = e−ruu∆t[qcuuu + (1− q)cuud],
etc. This procedure determines c in work which is O(n2).

Alternatively, if the state prices have already been computed, then

c =
∑
x
cxex

(the sum is over the n+ 1 states x at time T = n∆t). Work is O(n).
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Equivalence Between Caps on Rates and Puts on Bonds

Consider a caplet for the period [m∆t, (m+ 1)∆t], struck at K. The value of

the caplet at m∆t when the rate is L is

∆t
1+ L∆t max(L−K,0) = max

(
1+ L∆t
1+ L∆t − 1+K∆t

1+ L∆t ,0
)

= (1+K∆t)max
(

1
1+K∆t − 1

1+ L∆t ,0
)

i.e., the caplet is equivalent to (1+K∆t) puts on a one-period discount bond

with strike 1
1+K∆t expiring at m∆t.

A caplet is equivalent to an option to enter into a one-period swap.

Since a cap is a sum of caplets, a cap is also equivalent to a portfolio of puts

on discount bonds.
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Equivalence Between Swaptions and Options on Coupon Bonds

0 1 2 3 4 …

Discount factor at time 1: ( )B2 1 ( )B3 1 ( )B4 1

Pay fixed: K K K 1+K

n +1

( )B +n 1 1

Consider a 1-year option to enter into an n-year payer swap (i.e., pay fixed,

receive floating) with a strike of K (and a notional principal of $1).

At time 1, the swap is worth PV(floating) − PV(fixed). Assuming the principal

is exchanged at the end of the swap, PV(floating) = 1. Also,

PV(fixed) =
n+1∑
i=2

Bi(1)K + Bn+1(1) ≡ P(1),

i.e., PV(fixed) = value of an n-year bond with a coupon of K.

So the payoff of the option is max(1− P(1),0), i.e., it is equivalent to a put

with a strike of 1 on a bond paying a coupon of K.

11

Flexible Caps

A flexible cap gives the holder the right to exercise some (not all) of the

caplets comprising the cap. Example: Right to cap at K at most three out of

the next seven quarterly Libor rates.

◦ Auto-flex cap: In-the-money caplets are exercised automatically on fixing

dates until none are left.

◦ Chooser-flex cap: On fixing dates, the holder can choose whether to

exercise an in-the-money caplet (until none are left).

Auto-flex caps are European-style securities, but are more complicated than

plain vanilla caps because they are path-dependent. Chooser-flex caps are

American-style (holder can choose among various exercise strategies).
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Pricing a European Swaption in a Lattice
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What is the value today of a 1-year option to enter into a 2-year payer swap

with a strike of K (and a notional principal of $1)?

Swap price lattice: Su = max(1− Pu,0), Sd = max(1− Pd,0), and

S =
∑

states x at 1

Sxex = e−r (qSu + (1− q)Sd).

Coupon bond price lattice: Puu = K+e−ruu(1+K), Pud = K+e−rud(1+K), . . . ,
Pd = e−rd(qPud + (1− q)Pdd).
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Valuing Chooser-Flex Caps in a Lattice
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Need to record a vector of information at each node:

Vk(i, j) = value of chooser-flex cap with strike K at time i and rate j with

k remaining caplets (n is the maximum number of caplets that can be

exercised).

Vk(i, j) = max (don’t exercise, exercise) ,

don’t = 1
1+ Li,j∆t

(
qVk(i+ 1, j)+ (1− q)Vk(i+ 1, j + 1)

)
exercise = Li,j −K

1+ Li,j∆t + 1
1+ Li,j∆t

(
qVk−1(i+ 1, j)+ (1− q)Vk−1(i+ 1, j + 1)

)
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Computing Greeks in a Lattice - I
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Using bonds i = 1,2 the derivative can be replicated exactly by solving:

B1
ux1 + B2

ux2 = cu
B1
d x1 + B2

d x2 = cd
for x1 and x2, where xi is the number of units of bond i in the replicating

portfolio, i = 1,2. Check that B1x1 + B2x2 = c!
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Computing Greeks in a Lattice - III
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To avoid mixing theta with delta and gamma, one can alternatively build a

lattice extending back two steps, to time −2∆t.
Then ∆ ≈ ∆c∆B = cuu − cdd

Buu − Bdd.

Similarly,

Γ ≈
cuu − cud
Buu − Bud −

cud − cdd
Bud − Bdd

1
2(Buu − Bdd)

.
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Computing Greeks in a Lattice - II
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∆ ≡ ∂c
∂B

which can be approximated in a lattice as

∆ ≈ ∆c∆B = cu − cd
Bu − Bd.

Γ ≡ ∂2c
∂B2 which can be approximated in a lattice as

Γ ≈ ∆u −∆d
Bu − Bd =

cuu − cud
Buu − Bud −

cud − cdd
Bud − Bdd

Bu − Bd .

These approximations mix theta (Θ ≡ ∂c/∂t) with delta and gamma.
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Lattice Building

So far we’ve shown how to price securities given an interest rate lattice. Now

we want to build interest rate lattices from scratch. Desirable properties of

interest rate lattices:

◦ Calibrate to market instruments

— Match the initial term structure

— Match the initial volatility structure

— Match prices of other interest rate derivatives

— Match the initial correlation structure

◦ Generate reasonable future volatility and correlation structures

◦ Nonnegative rates

◦ Convergence of discrete model to continuous-time limit

◦ Analytical tractability
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Ho-Lee Model

◦ Match the initial term structure

◦ Match the initial volatility structure (with the generalized model)

◦ Short rate is normal

— Volatility expressed in absolute terms (not as a fraction of current level

of rates)

◦ Rates can go negative

◦ Single factor model with a Markov process for rt

The Ho-Lee model (constant volatility):

drt = b(t)dt + σdWt

The Ho-Lee model (time-varying volatility):

drt = b(t)dt + σ(t)dWt

19

Constant Volatility Ho-Lee Model
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2e
−(r1+d)∆ted

euu + eud + edd

= e−(r1+u)∆teu + e−(r1+d)∆ted
Now choose ri−1 to match the given initial bond price Bi, i = 1,2, . . . , n.

Step 1. B1 = eu + ed = e−r∆t. So r = − 1∆t ln(B1). This also gives eu and ed.

Step 2. B2 = euu + eud + edd = e−(r1+u)∆teu + e−(r1+d)∆ted.
=⇒ r1 = ln(e−u∆teu + e−d∆ted)− lnB2∆t

and r1 gives euu, eud, and edd. Numerical solution is not needed for

r1.
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Constant Volatility Ho-Lee Model
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Constant volatility Ho-Lee model: drt = b(t)dt + σdWt.
Take d = −u, but how should u be set?

Want Var(r∆t) = σ2∆t.
Var(r∆t) = 1

4((r1 +u)− (r1 + d))2 = u2

So,

u = σ
√∆t, d = −u.
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Ho-Lee Lattice: Numerical Example

Rate lattice State prices from u State prices from d
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Black-Derman-Toy Model

◦ Match the initial term structure

◦ Match the initial volatility structure

◦ Short rate is lognormal

— Volatility expressed as a fraction of current level of rates (relative

measure as in Black-Scholes, not absolute)

◦ Nonnegative rates

◦ Single factor model with a Markov process for rt

The BDT model:
drt
rt

= b(t)dt + σ(t)dWt
The functions b(t) and σ(t) will be determined numerically, i.e., in the lattice

construction.
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Constant Volatility BDT Model
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Constant volatility BDT model:
drt
rt

= b(t)dt + σdWt.
Take d = 1/u, but how should u be set?

Want Var(ln(r∆t)) = σ2∆t.
Var(ln(r∆t)) = 1

4(ln(r1u)− ln(r1d))2 = ln(u)2

So,

u = eσ
√∆t, d = 1/u.
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Black-Derman-Toy Basic Idea
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Start with multiplicative (lognormal) lattice.

Shift rates at time i∆t by αi to match initial term structure. The median rate

at time i∆t is ri = r +αi.
Set volatility parameters ui,di (uidi = 1) at time i∆t to match initial volatility

structure.

The BDT lattice is fully specified by (ri,ui), i = 1,2, . . . , n.
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Constant Volatility BDT Model
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Now choose ri−1 to match the given initial bond price Bi, i = 1,2, . . . , n.

Step 1. B1 = eu + ed = e−r∆t. So r = − 1∆t ln(B1). This also gives eu and

ed.

Step 2. B2 = euu + eud + edd = e−r1u∆teu + e−r1d∆ted. Numerical solution

gives r1 and also euu, eud, and edd.

Step 3. B3 = e−r2u2∆teuu + e−r2∆teud + e−r2d2∆tedd. Numerical solution r2

and also euuu, euud, eudd, and eddd.
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BDT Lattice Inputs (Time-Varying Volatility)
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Inputs: Initial discount bond yields: y1(0),y2(0), . . . , yn(0). Equivalent to

specifying initial prices through Bi(0) = e−yi(0)i∆t.
Initial volatilities of discount bond yields: σ2(0), . . . , σn(0), where σi(0) is

defined by σ(ln(yi(∆t)) = σi(0)√∆t and in a lattice is given by

σ(ln(yi(∆t)) = 1
2 ln

(
yi(u)
yi(d)

)
.

(Note σ1(0) = 0.)
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Constructing a BDT Lattice (Step 1)
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Rate lattice State prices from u State prices from d

Step 1. Find r1 and u1 so that the inputs B2(0) and σ2(0) are matched.

Specifically, r1 and u1 give B2(u) and B2(d) through:

euu(u) = 1
2e
−r1u1∆t, eud(u) = 1

2e
−r1u1∆t,

eud(d) = 1
2e
−r1d1∆t, edd(d) = 1

2e
−r1d1∆t,

B2(u) = euu(u)+ eud(u), B2(d) = eud(d)+ edd(d).

Then B2(u) and B2(d) give B2(0) and σ2(0) through:

B2(0) = 1
2e
−r∆t(B2(u)+ B2(d)) and σ2(0) = 1

2
√∆t ln

(
y2(u)
y2(d)

)
.

Finding r1 and u1 involves solving two nonlinear equations with two

unknowns.
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BDT Lattice Inputs
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Specifying B1(0), B2(0), . . . , Bn(0) and σ2(0), . . . , σn(0) is equivalent to

specifying r and (Bi(u), Bi(d)) for i = 1, . . . , n.

B1(0) determines r through B1(0) = e−r∆t.
Bi(0) and σi(0) determine Bi(u) and Bi(d) through:

Bi(0) = 1
2e
−r∆t(Bi(u)+ Bi(d)) and σi(0) = 1

2
√∆t ln

(
yi(u)
yi(d)

)
.

Procedure: Choose ri,ui to match Bi+1(u) and Bi+1(d) for i = 1, . . . , n− 1.

28

Constructing a BDT Lattice (Step 2)
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Rate lattice State prices from u State prices from d

Step 2. Find r2 and u2 so that the inputs B3(0) and σ3(0) are matched.

Specifically, r2 and u2 give B3(u) and B3(d) through:

B3(u) = euuu(u)+ euud(u)+ eudd(u), B3(d) = euud(d)+ eudd(d)+ eddd(d).

The state prices, e.g., euuu(u), etc., are determined by forward induction.

Then B3(u) and B3(d) give B3(0) and σ3(0) through:

B3(0) = 1
2e
−r∆t(B3(u)+ B3(d)) and σ3(0) = 1

2
√∆t ln

(
y3(u)
y3(d)

)
.

Finding r2 and u2 involves solving two nonlinear equations with two

unknowns.
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BDT Lattice: Numerical Example

Rate lattice State prices from u State prices from d

3.00%

5.80%

4.21%

9.15%

6.88%

5.17%

6.98%

5.53%

4.38%

3.47%

1

1

0.472

0.472

0.215

0.436

0.220

0.479

0.479

0.224

0.451

0.228

Inputs:     Time to maturity    Yield to maturity    Yield volatility
                          1                          3.00%
                          2                          4.00%                    16%
                          3                          5.00%                    15%
                          4                          5.00%                    15%

Time                 0          1           2           3
Median rate   3.00%    4.94%    6.88%    4.92%
     u                           1.174    1.154    1.123
Short rate vol             16.00% 14.30%  11.64%

0

?
?
?
?

















5.80%
6.90%
6.47%

?
?
?
?















3.00%

4.00%
5.00%
5.00% ?

?
?
?

















4.21%
5.11%
4.89%

1 2 3 0 1 2 3 0 1 2 3

Short rate vol = ( )
�
ln

∆t
u
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Comparison of BDT and Ho-Lee Models

∆t0 2∆t 3∆t

r
21

21

r2

∆t0 2∆t 3∆t

r
21

21

ur 11

dr 11 dr 2
22

ur 2
22

ur 3
33

dr 3
33

dr 33

ur 33

r2

BDT Ho-Lee

�

eu = ∆σ t
�
tu ∆σ=

du = 1 du =+ 0

( )( )[ ] ( )
( )( )=∆σ lnln
dy
uyty

i

i
i 2

1 ( )[ ] ( ) ( )( )−=∆σ dyuyty iii 2
1

( ) ( ) Wdttdtb
r
rd

t
t

t σ+= ( ) ( ) Wdttdtbrd tt σ+=

dr 11+

ur 11+

ur 22+2

dr 22+2

ur 33+3

ur 33+

dr 33+

dr 33+3
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Comparison of Lognormal BDT with Normal Ho-Lee

∆t0 2∆t

r0

ur1

dr1

∆t0 2∆t

r0

ur1+

dr1 +

∆t0 2∆t

1

eu

ed
e dd

e du

e uu

BDT with constant volatility, binomial lattice (see p. 25):

B2 = euu + eud + edd

= e−r1u∆teu + e−r1d∆ted.
Given B2, u, d = 1/u, eu, and ed, still need to solve for r1 numerically.

Ho-Lee with constant volatility, binomial lattice (see p. 21):

B2 = euu + eud + edd

= e−(r1+u)∆teu + e−(r1+d)∆ted
= e−r1∆t(e−u∆teu + e−d∆ted)

Can solve for r1 analytically in terms of B2, u, d = −u, eu, and ed.
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BDT Model with Time-Varying Volatility

0

σ

time to maturity

Short rate vol at t = 0

0

σ

time to maturity

Short rate vol at

0

σ

time to maturity

Short rate vol att = 1 t = 2

Long-term rates are typically less volatile than short rates. Building a BDT

lattice consistent with this observation (or consistent with a sequence of cap

or swaption prices) requires the short rate volatility σ to vary with time (i.e.,

non-constant ui’s in the lattice).

In this case, the short rate volatility will “walk the volatility curve” and future

volatility curves can look quite different than today’s.
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Catalog of Spreadsheets

◦ HL C.XLS

— Ho-Lee model with constant volatility (10-step lattice)

— Matches the initial yield curve automatically

◦ HL.XLS

— Ho-Lee model with time-varying volatility (10-step lattice)

— Uses the Solver in Excel to match the initial yield curve and initial

volatility curve

◦ BDT.XLS

— Black-Derman-Toy model with time-varying volatility (10-step lattice)

— Uses the Solver in Excel to match the initial yield curve and initial

volatility curve

◦ BDT C.XLS

— Black-Derman-Toy model with constant volatility (10-step lattice)

— Uses the Solver in Excel to match the initial yield curve
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HL C.XLS

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38

A B C D E F G H I J K L
HL_C.XLS Ho-Lee Model Constant volatility (10-step lattice)
Created by Mark Broadie and Paul Glasserman
T 30 nt 10 u = -d 0.0173
sig 1.00% dt 3

Time 0 3 6 9 12 15 18 21 24 27 30
Initial yield 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
Median rate 10.00% 10.04% 10.18% 10.40% 10.71% 11.11% 11.59% 12.16% 12.80% 13.52%
Initial price 0.7408 0.5488 0.4066 0.3012 0.2231 0.1653 0.1225 0.0907 0.0672 0.0498
Price from lattice 0.7408 0.5488 0.4066 0.3012 0.2231 0.1653 0.1225 0.0907 0.0672 0.0498
Price_up 1.0000 0.7024 0.4920 0.3437 0.2395 0.1664 0.1154 0.0798 0.0550 0.0379
Price_dn 1.0000 0.7793 0.6056 0.4694 0.3629 0.2798 0.2152 0.1651 0.1264 0.0965
Yield_up 0.1178 0.1182 0.1187 0.1191 0.1195 0.1200 0.1204 0.1208 0.1212
Yield_dn 0.0831 0.0836 0.0840 0.0845 0.0849 0.0853 0.0858 0.0862 0.0866
Yield volatility from lattice 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100 0.0100

Rates: 0 1 2 3 4 5 6 7 8 9 10
10

9 29.11%
8 26.66%
7 24.28% 25.64%
6 21.99% 23.19%
5 19.77% 20.82% 22.18%
4 17.64% 18.52% 19.73%
3 15.60% 16.31% 17.35% 18.72%
2 13.64% 14.18% 15.06% 16.26%
1 11.78% 12.14% 12.84% 13.89% 15.25%
0 10.00% 10.18% 10.71% 11.59% 12.80%

-1 8.31% 8.67% 9.38% 10.43% 11.79%
-2 6.72% 7.25% 8.13% 9.34%
-3 5.21% 5.92% 6.96% 8.32%
-4 3.79% 4.67% 5.87%
-5 2.45% 3.50% 4.86%
-6 1.20% 2.41%
-7 0.03% 1.40%
-8 -1.06%
-9 -2.07%

-10
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Catalog of Spreadsheets (continued)

◦ HW.XLS

— Hull-White model (10-step lattice)

— Matches the initial yield curve automatically

◦ HJM SIMN.XLS

— Normal HJM simulation model (10-step simulation, 3 factor)

— Simulation can be run with the Excel add-in Crystal Ball

◦ HJM SIML.XLS

— Pseudo-lognormal HJM simulation model (10-step simulation, 3 factor)

— Simulation can be run with the Excel add-in Crystal Ball

◦ FACTOR.XLS

— Computes correlation matrix corresponding to 3-factor HJM model

Note: All spreadsheets use continuously compounded rates.
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HL.XLS

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42

A B C D E F G H I J K L
HL.XLS Ho-Lee Model Time-varying volatility (10-step lattice)
Created by Mark Broadie and Paul Glasserman
T 30 nt 10

dt 3

Time 0 3 6 9 12 15 18 21 24 27 30
Initial yield 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
Initial volatility 1.50% 1.45% 1.40% 1.35% 1.30% 1.25% 1.20% 1.15% 1.10%
Median rate 10.00% 10.10% 10.36% 10.73% 11.13% 11.53% 11.89% 12.17% 12.36% 12.47%
sig 1.50% 1.40% 1.30% 1.20% 1.10% 1.00% 0.90% 0.80% 0.70%
u(i)=-d(i) 0 0.0260 0.0242 0.0225 0.0208 0.0191 0.0173 0.0156 0.0139 0.0121
Initial price 0.7408 0.5488 0.4066 0.3012 0.2231 0.1653 0.1225 0.0907 0.0672 0.0498
Price from lattice 0.7408 0.5488 0.4066 0.3012 0.2231 0.1653 0.1225 0.0907 0.0672 0.0497
Price_up 1.0000 0.6832 0.4667 0.3192 0.2188 0.1505 0.1040 0.0722 0.0504 0.0354
Price_dn 1.0000 0.7984 0.6309 0.4939 0.3836 0.2958 0.2266 0.1728 0.1311 0.0989
Yield_up 0.1270 0.1270 0.1269 0.1266 0.1262 0.1258 0.1252 0.1245 0.1238
Yield_dn 0.0750 0.0768 0.0784 0.0799 0.0812 0.0825 0.0836 0.0847 0.0857
Yield volatility from lattice 0.0150 0.0145 0.0140 0.0135 0.0130 0.0125 0.0120 0.0115 0.0110

Rates: 0 1 2 3 4 5 6 7 8 9 10
10

9 23.38%
8 23.45%
7 23.08% 20.96%
6 22.28% 20.67%
5 21.06% 19.97% 18.53%
4 19.44% 18.82% 17.90%
3 17.48% 17.25% 16.85% 16.11%
2 15.21% 15.29% 15.35% 15.13%
1 12.70% 12.98% 13.44% 13.73% 13.68%
0 10.00% 10.36% 11.13% 11.89% 12.36%

-1 7.50% 8.47% 9.62% 10.61% 11.26%
-2 5.51% 6.97% 8.42% 9.59%
-3 3.97% 5.81% 7.50% 8.83%
-4 2.82% 4.96% 6.82%
-5 2.00% 4.38% 6.41%
-6 1.50% 4.05%
-7 1.26% 3.98%
-8 1.28%
-9 1.56%

-10



37

BDT.XLS (Sheet 1: rates)

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41

A B C D E F G H I J K L
BDT.XLS Black-Derman-Toy Model Time-varying volatility (10-step lattice)
Created by Mark Broadie and Paul Glasserman
T 30 nt 10

dt 3

Time 0 3 6 9 12 15 18 21 24 27 30
Initial yield 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
Initial volatility 15.00% 14.50% 14.00% 13.50% 13.00% 12.50% 12.00% 11.50% 11.00%
Median rate 10.00% 9.77% 9.78% 9.97% 10.30% 10.76% 11.33% 11.97% 12.62% 13.19%
sig 15.00% 14.14% 13.49% 13.00% 12.59% 12.16% 11.63% 10.97% 10.06%
u(i)=1/d(i) 1 1.2967 1.2774 1.2633 1.2526 1.2437 1.2345 1.2231 1.2092 1.1904
Initial price 0.7408 0.5488 0.4066 0.3012 0.2231 0.1653 0.1225 0.0907 0.0672 0.0498
Price from lattice 0.7408 0.5488 0.4066 0.3012 0.2231 0.1653 0.1225 0.0907 0.0672 0.0498
Price_up 1.0000 0.6839 0.4669 0.3186 0.2177 0.1490 0.1024 0.0708 0.0492 0.0344
Price_dn 1.0000 0.7977 0.6307 0.4945 0.3847 0.2972 0.2282 0.1742 0.1323 0.1000
Yield_up 0.1266 0.1269 0.1271 0.1271 0.1269 0.1266 0.1261 0.1255 0.1248
Yield_dn 0.0753 0.0768 0.0782 0.0796 0.0809 0.0821 0.0832 0.0843 0.0853
Yield volatility from lattice 0.1500 0.1450 0.1400 0.1350 0.1300 0.1250 0.1200 0.1150 0.1100

Rates: 0 1 2 3 4 5 6 7 8 9 10
10

9 63.30%
8 57.69%
7 49.01% 44.67%
6 40.11% 39.45%
5 32.02% 32.77% 31.52%
4 25.36% 26.32% 26.98%
3 20.09% 20.70% 21.90% 22.24%
2 15.95% 16.16% 17.27% 18.46%
1 12.66% 12.59% 13.39% 14.64% 15.70%
0 10.00% 9.78% 10.30% 11.33% 12.62%

-1 7.53% 7.89% 8.65% 9.79% 11.08%
-2 5.99% 6.57% 7.44% 8.63%
-3 4.94% 5.60% 6.54% 7.82%
-4 4.18% 4.88% 5.90%
-5 3.62% 4.37% 5.52%
-6 3.20% 4.04%
-7 2.92% 3.89%
-8 2.76%
-9 2.75%

-10

User input in
bold italic (T):

User input in
bold italic (Initial
yield and volatility):

Solver decision
variables in box
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BDT.XLS (Sheet 4: state prices in up state)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

A B C D E F G H I J K L M

State prices
e_up: 0 1 2 3 4 5 6 7 8 9 10

10 -         -         -         -         -         -         -         -         -         -         0.0000   
9 -         -         -         -         -         -         -         -         -         0.0000   -         
8 -         -         -         -         -         -         -         -         0.0000   -         0.0000   
7 -         -         -         -         -         -         -         0.0002   -         0.0001   -         
6 -         -         -         -         -         -         0.0013   -         0.0006   -         0.0002   
5 -         -         -         -         -         0.0068   -         0.0029   -         0.0010   -         
4 -         -         -         -         0.0290   -         0.0121   -         0.0042   -         0.0014   
3 -         -         -         0.1059   -         0.0403   -         0.0141   -         0.0048   -         
2 -         -         0.3419   -         0.1090   -         0.0381   -         0.0135   -         0.0048   
1 -         1.0000   -         0.2335   -         0.0814   -         0.0304   -         0.0115   -         
0 -         -         0.3419   -         0.1303   -         0.0537   -         0.0222   -         0.0090   

-1 -         -         -         0.1275   -         0.0685   -         0.0332   -         0.0152   -         
-2 -         -         -         -         0.0503   -         0.0352   -         0.0197   -         0.0099   
-3 -         -         -         -         -         0.0207   -         0.0178   -         0.0114   -         
-4 -         -         -         -         -         -         0.0087   -         0.0090   -         0.0064   
-5 -         -         -         -         -         -         -         0.0038   -         0.0045   -         
-6 -         -         -         -         -         -         -         -         0.0017   -         0.0022   
-7 -         -         -         -         -         -         -         -         -         0.0007   -         
-8 -         -         -         -         -         -         -         -         -         -         0.0003   
-9 -         -         -         -         -         -         -         -         -         -         -         

-10 -         -         -         -         -         -         -         -         -         -         -         
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BDT.XLS (Sheet 3: state prices)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

A B C D E F G H I J K L M

State prices
e: 0 1 2 3 4 5 6 7 8 9 10

10 -         -         -         -         -         -         -         -         -         -         0.0000   
9 -         -         -         -         -         -         -         -         -         0.0000   -         
8 -         -         -         -         -         -         -         -         0.0000   -         0.0000   
7 -         -         -         -         -         -         -         0.0001   -         0.0000   -         
6 -         -         -         -         -         -         0.0005   -         0.0003   -         0.0001   
5 -         -         -         -         -         0.0025   -         0.0014   -         0.0006   -         
4 -         -         -         -         0.0107   -         0.0061   -         0.0026   -         0.0010   
3 -         -         -         0.0392   -         0.0208   -         0.0090   -         0.0036   -         
2 -         -         0.1267   -         0.0593   -         0.0256   -         0.0106   -         0.0043   
1 -         0.3704   -         0.1416   -         0.0598   -         0.0256   -         0.0108   -         
0 1.0000   -         0.2744   -         0.1133   -         0.0505   -         0.0226   -         0.0099   

-1 -         0.3704   -         0.1640   -         0.0791   -         0.0385   -         0.0183   -         
-2 -         -         0.1477   -         0.0913   -         0.0513   -         0.0274   -         0.0139   
-3 -         -         -         0.0617   -         0.0492   -         0.0318   -         0.0186   -         
-4 -         -         -         -         0.0266   -         0.0261   -         0.0191   -         0.0121   
-5 -         -         -         -         -         0.0117   -         0.0137   -         0.0111   -         
-6 -         -         -         -         -         -         0.0053   -         0.0071   -         0.0063   
-7 -         -         -         -         -         -         -         0.0024   -         0.0036   -         
-8 -         -         -         -         -         -         -         -         0.0011   -         0.0019   
-9 -         -         -         -         -         -         -         -         -         0.0005   -         

-10 -         -         -         -         -         -         -         -         -         -         0.0002   
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BDT.XLS (Sheet 5: state prices in down state)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26

A B C D E F G H I J K L M

State prices
e_dn: 0 1 2 3 4 5 6 7 8 9 10

10 -         -         -         -         -         -         -         -         -         -         -         
9 -         -         -         -         -         -         -         -         -         -         -         
8 -         -         -         -         -         -         -         -         -         -         0.0000   
7 -         -         -         -         -         -         -         -         -         0.0000   -         
6 -         -         -         -         -         -         -         -         0.0002   -         0.0001   
5 -         -         -         -         -         -         -         0.0010   -         0.0007   -         
4 -         -         -         -         -         -         0.0042   -         0.0028   -         0.0014   
3 -         -         -         -         -         0.0157   -         0.0102   -         0.0050   -         
2 -         -         -         -         0.0510   -         0.0310   -         0.0151   -         0.0068   
1 -         -         -         0.1487   -         0.0801   -         0.0387   -         0.0176   -         
0 -         -         0.3989   -         0.1754   -         0.0827   -         0.0389   -         0.0178   

-1 -         1.0000   -         0.3154   -         0.1450   -         0.0708   -         0.0343   -         
-2 -         -         0.3989   -         0.1963   -         0.1034   -         0.0543   -         0.0276   
-3 -         -         -         0.1666   -         0.1123   -         0.0680   -         0.0387   -         
-4 -         -         -         -         0.0718   -         0.0617   -         0.0424   -         0.0261   
-5 -         -         -         -         -         0.0317   -         0.0331   -         0.0255   -         
-6 -         -         -         -         -         -         0.0142   -         0.0175   -         0.0149   
-7 -         -         -         -         -         -         -         0.0065   -         0.0091   -         
-8 -         -         -         -         -         -         -         -         0.0030   -         0.0047   
-9 -         -         -         -         -         -         -         -         -         0.0014   -         

-10 -         -         -         -         -         -         -         -         -         -         0.0006   
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BDT C.XLS

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38

A B C D E F G H I J K L
BDT_C.XLS Black-Derman-Toy Model Constant volatility (10-step lattice)
Created by Mark Broadie and Paul Glasserman
T 30 nt 10 u(i)=1/d(i) 1.1891
sig 10.00% dt 3

Time 0 3 6 9 12 15 18 21 24 27 30
Initial yield 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
Median rate 10.00% 9.90% 9.88% 9.96% 10.13% 10.40% 10.76% 11.22% 11.79% 12.46%
Initial price 0.7408 0.5488 0.4066 0.3012 0.2231 0.1653 0.1225 0.0907 0.0672 0.0498
Price from lattice 0.7408 0.5488 0.4066 0.3012 0.2231 0.1653 0.1225 0.0907 0.0672 0.0498
Price_up 1.0000 0.7026 0.4922 0.3440 0.2400 0.1673 0.1166 0.0813 0.0567 0.0396
Price_dn 1.0000 0.7791 0.6055 0.4692 0.3624 0.2790 0.2140 0.1636 0.1247 0.0948
Yield_up 0.1177 0.1182 0.1186 0.1189 0.1192 0.1194 0.1195 0.1196 0.1196
Yield_dn 0.0832 0.0836 0.0841 0.0846 0.0851 0.0856 0.0862 0.0867 0.0873
Yield volatility from lattice 0.1000 0.0998 0.0992 0.0984 0.0973 0.0959 0.0944 0.0927 0.0908

Rates: 0 1 2 3 4 5 6 7 8 9 10
10

9 59.24%
8 47.11%
7 37.73% 41.89%
6 30.42% 33.32%
5 24.72% 26.68% 29.63%
4 20.26% 21.52% 23.56%
3 16.75% 17.48% 18.87% 20.95%
2 13.97% 14.32% 15.22% 16.67%
1 11.77% 11.84% 12.36% 13.35% 14.82%
0 10.00% 9.88% 10.13% 10.76% 11.79%

-1 8.32% 8.38% 8.74% 9.44% 10.48%
-2 6.99% 7.16% 7.61% 8.34%
-3 5.92% 6.18% 6.67% 7.41%
-4 5.07% 5.38% 5.90%
-5 4.37% 4.72% 5.24%
-6 3.81% 4.17%
-7 3.34% 3.71%
-8 2.95%
-9 2.62%

-10
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HJM SIMN.XLS

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

A B C D E F G H I J K L M N
HJM_SIMN.XLS Heath-Jarrow-Morton Simulation Model Three-factor normal version
Created by Mark Broadie and Paul Glasserman
T 20 dt 2
nt 10 sqrt(dt) 1.4142

Time index 0 1 2 3 4 5 6 7 8 9 10 11
Time 0 2 4 6 8 10 12 14 16 18 20 22

scale Initial yield 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
1.0000 Factor 1 1.00% 1.00% 1.00% 1.00% 1.00% 1.00% 1.00% 1.00% 1.00% 1.00%
1.0000 Factor 2 0.67% 0.45% 0.30% 0.20% 0.14% 0.09% 0.06% 0.04% 0.03% 0.02%
1.0000 Factor 3 0.40% 0.30% 0.20% 0.10% 0.00% -0.10% -0.20% -0.30% -0.40% -0.50%

Time index Time Spot rate Forward rates
0 0.00 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
1 2.00 9.56% 10.06% 10.42% 10.69% 10.89% 11.05% 11.19% 11.32% 11.43% 11.54%
2 4.00 7.67% 8.39% 8.88% 9.23% 9.48% 9.66% 9.81% 9.93% 10.05%
3 6.00 8.24% 9.01% 9.53% 9.90% 10.16% 10.37% 10.54% 10.68%
4 8.00 6.64% 7.79% 8.61% 9.21% 9.68% 10.05% 10.38%
5 10.00 7.04% 8.05% 8.86% 9.53% 10.13% 10.68%
6 12.00 9.40% 10.26% 11.01% 11.68% 12.32%
7 14.00 14.51% 15.28% 15.98% 16.65%
8 16.00 12.82% 13.52% 14.18%
9 18.00 14.81% 14.98%

10 20.00 18.14%
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HW.XLS
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A B C D E F G H I J K L
HW.XLS Hull-White Model (10-step lattice)
Created by Mark Broadie and Paul Glasserman
T 5 nt 10 m -0.05
a 0.1 dt 0.5 v 0.00005
sig 0.01 dr 1.22% j_max 4

Time 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Initial yield 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
Median rate 10.00% 10.00% 10.00% 10.01% 10.02% 10.03% 10.04% 10.05% 10.06% 10.07%
Initial price 0.9512 0.9048 0.8607 0.8187 0.7788 0.7408 0.7047 0.6703 0.6376 0.6065
Price from lattice 0.9512 0.9048 0.8607 0.8187 0.7788 0.7408 0.7047 0.6703 0.6376 0.6065
Price_up 1.0000 0.9454 0.8941 0.8458 0.8003 0.7574 0.7170 0.6790 0.6431 0.6092
Price_md 1.0000 0.9512 0.9048 0.8607 0.8187 0.7787 0.7407 0.7045 0.6701 0.6374
Price_dn 1.0000 0.9571 0.9157 0.8758 0.8375 0.8006 0.7651 0.7310 0.6983 0.6669
Yield_up 0.1123 0.1120 0.1117 0.1114 0.1111 0.1109 0.1106 0.1104 0.1101
Yield_md 0.1000 0.1000 0.1000 0.1000 0.1001 0.1001 0.1001 0.1001 0.1001
Yield_dn 0.0878 0.0881 0.0884 0.0887 0.0890 0.0892 0.0895 0.0898 0.0900
Yield volatility from lattice 0.0100 0.0098 0.0095 0.0093 0.0090 0.0088 0.0086 0.0084 0.0082

Rates: 0 1 2 3 4 5 6 7 8 9 10
10

9 21.09%
8 19.85% 19.87%
7 18.62% 18.63% 18.64%
6 17.38% 17.39% 17.41% 17.42%
5 16.15% 16.16% 16.17% 16.18% 16.19%
4 14.92% 14.92% 14.93% 14.94% 14.96% 14.97%
3 13.68% 13.69% 13.70% 13.71% 13.72% 13.73% 13.74%
2 12.45% 12.46% 12.47% 12.48% 12.48% 12.49% 12.51% 12.52%
1 11.23% 11.23% 11.23% 11.24% 11.25% 11.26% 11.27% 11.28% 11.29%
0 10.00% 10.00% 10.00% 10.01% 10.02% 10.03% 10.04% 10.05% 10.06% 10.07%

-1 8.78% 8.78% 8.79% 8.79% 8.80% 8.81% 8.82% 8.83% 8.84%
-2 7.56% 7.56% 7.57% 7.58% 7.59% 7.60% 7.61% 7.62%
-3 6.34% 6.34% 6.35% 6.36% 6.37% 6.38% 6.39%
-4 5.12% 5.13% 5.14% 5.15% 5.16% 5.17%
-5 3.90% 3.91% 3.92% 3.93% 3.94%
-6 2.69% 2.70% 2.71% 2.72%
-7 1.47% 1.48% 1.50%
-8 0.26% 0.27%
-9 -0.95%

-10
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HJM SIML.XLS (Sheet1: Forward curves)
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HJM_SIML.XLS Heath-Jarrow-Morton Simulation Model Three-factor pseudo-lognormal version
Created by Mark Broadie and Paul Glasserman
T 5 dt 0.5
nt 10 sqrt(dt) 0.7071

Time index 0 1 2 3 4 5 6 7 8 9 10 11
Time 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5

scale Initial yield 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
10.0000 Factor 1 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
10.0000 Factor 2 9.05% 8.19% 7.41% 6.70% 6.07% 5.49% 4.97% 4.49% 4.07% 3.68%
20.0000 Factor 3 2.00% 1.50% 1.00% 0.50% 0.00% -0.50% -1.00% -1.50% -2.00% -2.50%

Time index Time Spot rate Forward rates
0 0.00 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
1 0.50 11.34% 11.36% 11.37% 11.39% 11.39% 11.40% 11.40% 11.41% 11.41% 11.40%
2 1.00 10.84% 10.83% 10.82% 10.80% 10.78% 10.76% 10.74% 10.71% 10.69%
3 1.50 12.03% 12.02% 12.01% 12.00% 11.98% 11.96% 11.94% 11.91%
4 2.00 11.81% 11.62% 11.43% 11.26% 11.09% 10.93% 10.79%
5 2.50 11.73% 11.60% 11.48% 11.37% 11.26% 11.16%
6 3.00 11.68% 11.61% 11.54% 11.48% 11.44%
7 3.50 11.70% 11.62% 11.54% 11.47%
8 4.00 10.22% 10.25% 10.28%
9 4.50 9.51% 9.64%

10 5.00 8.08%
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HJM SIML.XLS (Sheet of Discount Bond Prices)
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A B C D E F G H I J K L M
Discount bond price

Time index Path price True price
1 0.9512
2 0.8988 0.9048
3 0.8514 0.8607
4 0.8017 0.8187
5 0.7557 0.7788
6 0.7127 0.7408
7 0.6722 0.7047
8 0.6340 0.6703
9 0.6024 0.6376

10 0.5745 0.6065
11 0.5517 0.5769

Time index 0 1 2 3 4 5 6 7 8 9 10
Time 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time index Time Discount bond price
0 0.00 0.9512 0.9048 0.8607 0.8187 0.7788 0.7408 0.7047 0.6703 0.6376 0.6065 0.5769
1 0.50 0.9449 0.8927 0.8433 0.7967 0.7526 0.7109 0.6715 0.6343 0.5991 0.5659
2 1.00 0.9473 0.8973 0.8501 0.8054 0.7631 0.7232 0.6854 0.6496 0.6158
3 1.50 0.9416 0.8867 0.8350 0.7864 0.7407 0.6977 0.6573 0.6193
4 2.00 0.9427 0.8895 0.8400 0.7941 0.7512 0.7113 0.6739
5 2.50 0.9430 0.8899 0.8403 0.7938 0.7504 0.7097
6 3.00 0.9433 0.8901 0.8402 0.7933 0.7492
7 3.50 0.9432 0.8899 0.8400 0.7932
8 4.00 0.9502 0.9027 0.8575
9 4.50 0.9536 0.9087

10 5.00 0.9604
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FACTOR.XLS
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FACTOR.XLS Compute correlation matrix corresponding to the three factors in the HJM model
Created by Mark Broadie and Paul Glasserman
Time index 0 1 2 3 4 5 6 7 8 9 10
Factor 1 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00% 10.00%
Factor 2 9.05% 8.19% 7.41% 6.70% 6.07% 5.49% 4.97% 4.49% 4.07% 3.68%
Factor 3 2.00% 1.50% 1.00% 0.50% 0.00% -0.50% -1.00% -1.50% -2.00% -2.50%

Total volatility 13.63% 13.01% 12.49% 12.05% 11.70% 11.42% 11.21% 11.07% 10.98% 10.94%
Weight 1 0.7335 0.7686 0.8009 0.8299 0.8550 0.8758 0.8921 0.9037 0.9109 0.9137
Weight 2 0.6637 0.6293 0.5934 0.5563 0.5186 0.4807 0.4430 0.4061 0.3703 0.3361
Weight 3 0.1467 0.1153 0.0801 0.0415 0.0000 -0.0438 -0.0892 -0.1356 -0.1822 -0.2284

Correlation matrix 1 2 3 4 5 6 7 8 9 10
1 1.0000 0.9983 0.9930 0.9841 0.9713 0.9550 0.9352 0.9125 0.8872 0.8598
2 1.0000 0.9982 0.9927 0.9835 0.9706 0.9541 0.9345 0.9121 0.8874
3 1.0000 0.9981 0.9925 0.9832 0.9702 0.9539 0.9347 0.9130
4 1.0000 0.9981 0.9924 0.9831 0.9703 0.9544 0.9358
5 1.0000 0.9981 0.9925 0.9833 0.9709 0.9555
6 1.0000 0.9981 0.9926 0.9837 0.9718
7 1.0000 0.9982 0.9929 0.9844
8 1.0000 0.9982 0.9932
9 1.0000 0.9983

10 1.0000
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HJM SIML.XLS (Sheet of Factor 1 Drifts)
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dt 0.5

Time index 0 1 2 3 4 5 6 7 8 9 10
Time 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Time index Time Drifts for factor 1
0 0.00 0.0025% 0.0075% 0.0125% 0.0175% 0.0225% 0.0275% 0.0325% 0.0375% 0.0425% 0.0475%
1 0.50 0.0032% 0.0097% 0.0162% 0.0227% 0.0292% 0.0357% 0.0422% 0.0487% 0.0552%
2 1.00 0.0029% 0.0088% 0.0146% 0.0204% 0.0262% 0.0319% 0.0375% 0.0432%
3 1.50 0.0036% 0.0108% 0.0180% 0.0252% 0.0323% 0.0393% 0.0464%
4 2.00 0.0034% 0.0099% 0.0161% 0.0221% 0.0278% 0.0333%
5 2.50 0.0034% 0.0100% 0.0163% 0.0226% 0.0286%
6 3.00 0.0034% 0.0100% 0.0166% 0.0231%
7 3.50 0.0034% 0.0100% 0.0166%
8 4.00 0.0026% 0.0079%
9 4.50 0.0023%

10 5.00
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